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Abstract
We give a structure theorem for the semigroups that are the sets of nonnegative elements of
subgroups of Zr . c© 2000 Elsevier Science B.V. All rights reserved.
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The set of non-negative elements of a subgroup of Zr is a nitely generated subsemi-
group of Nr : This kind of semigroups, known as full semigroups, have been studied
by Hochster in [1], where it is shown that they are up to isomorphism all the semi-
groups such that their associated semigroup ring is normal. It is also shown that normal
semigroup rings are Cohen{Macaulay.
The contents of this paper are arranged as follows. In the rst section, we give a
characterization for full semigroups which allows us to classify them, up to isomor-
phism, by subgroups of a certain innite group. In the second section, we rene this
result and show that an special class of subgroups of Zr classify, up to isomorphism,
the semigroups of the form M \ Nr with rank(M) = r: This study will allow us to
classify all the subsemigroups of N2 which are full. This is performed in the third
section, where it is shown that the corresponding subgroups of Z2 can be taken to be
cyclic.
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1. A characterization of full semigroups
By an ane semigroup we will mean a nitely generated subsemigroup of Nr : Let
S = hn1; : : : ; npiNr be an ane semigroup. Note that the semigroup S is full if and
only if G(S) \Nr = S; where G(S) denotes the group generated by S:
We say that an element of Nr is strongly positive if all its coordinates are non-zero.
If the semigroup S has no strongly positive elements, then
Pp
i=1 ni has, at least, a
coordinate equal to zero. We can construct a new semigroup S 0 by suppressing this
coordinate from the elements of S: It is clear that S=S 0 and that S is full if and only
if S 0 is full. Thus, we can assume that the semigroups studied in this section always
have strongly positive elements.
Lemma 1. Let S = hn1; : : : ; npiNr be an ane semigroup and let n 2 S verifying
the condition:
() For all i 2 f1; : : : ; pg there exists ki 2 N such that kin− ni 2 S:
Then; for all s 2 S there exists s0 2 S and k 2 N such that s+ s0 = kn:
Proof. Take s =
Pp
i=1 aini 2 S: Let si = kin − ni: Then aini + aisi = aikin; and s +Pp
i=1 aisi = (
Pp
i=1 aiki)n:
Note that n =
Pp
i=1 ni fullls condition (). Since we are assuming that S con-
tains strongly positive elements then, as a consequence of this lemma, every element
verifying condition () must be strongly positive.
Denition 1. Let S be an ane semigroup and 0 6= n 2 S. We dene S(n) = fs 2
S j s− n 62 Sg: This set is usually called the Apery set of n.
It is clear that every element in S can be written as kn + w for some k 2 N and
w 2 S(n): Note also that if kn+ w = k 0n+ w0 and if k  k 0 then (k − k 0)n+ w = w0;
but w0 2 S(n) and therefore k − k 0 = 0 and w = w0: This means that every element in
S can be written as kn+ w and this writing is unique.
Lemma 3. Let S = hn1; : : : ; npiNr be an ane semigroup and let n be an element
in S verifying (). Then; for all w 2 S(n); there exist w0 2 S(n) and k 2 N such that
w + w0 = kn:
Proof. By the previous lemma, given w 2 S(n); there exist s 2 S and k 2 N such that
w + s= kn: Since s 2 S then s= w0 + k 0n for some k 0 2 N and w0 2 S(n): This leads
to w + k 0n+ w0 = kn; and w + w0 = (k − k 0)n (note that k − k 0 must be in N because
w + w0 2 Nr :)
Theorem 4. Let S be an ane subsemigroup of Nr and let n be an element in S
verifying (). Then; the following statements are equivalent:
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1. S =G(S) \Nr :
2. For every w 2 S(n); w − n 62 Nr :
Proof. If S=G(S)\Nr and w−n 2 Nr for some w 2 S(n); then w−n 2 G(S)\Nr=S;
which is impossible.
Let us prove now the other implication. For any s 2 S; there exist k 2 N and
w 2 S(n) such that s= kn+w: Let us show that for every g 2 G(S); there exist z 2 Z
and w 2 S(n) such that g=zn+w: It is enough to show that if w1; w2 2 S(n) then there
exist z 2 Z and w3 2 S(n) such that w1−w2=zn+w3: Take k 2 N with kn−w2 2 S(n)
(this k exists by the previous lemma). Then, w1 − w2 =−kn+ w1 + (kn− w2): Since
w1+(kn−w2) 2 S; there exist w3 2 S(n) and l 2 N verifying that w1+(kn−w2)=ln+w3:
This leads to w1 − w2 = (−k + l)n+ w3:
Finally, let us show that G(S) \ Nr  S (the other inclusion is trivial). If g 2
G(S) \ Nr then, as we have just shown, there exist z 2 Z and w 2 S(n) such that
g= zn+w: But g 2 Nr and since w− n 62 Nr then z  0; which means that g 2 S:
The following result is a technical lemma that enables us to check, under certain
conditions, if a given set coincides with S(n):
Denition 5. Let H be a subgroup of Zr and let C Zr : The set C is a complete
system modulo H if the following two conditions hold:
1. For all c; c0 2 C; if c − c0 2 H then c = c0:
2. For all c; c0 2 C there exists c00 2 C such that c + c0 − c00 2 H:
Lemma 6. Let n 2 Nr ; H =G(fng) and let C Nr be a complete system modulo H
containing the zero element. Assume that S= hfng[Ci is an ane semigroup. Then;
the following conditions are equivalent:
1. S(n) = C:
2. For all c; c0 2 C there exist k 2 N and c00 2 C such that c + c0 = kn+ c00:
Proof. Clearly, if S(n)=C then every element in S can be written as kn+ c for some
k 2 N and c 2 C:
Now, assume that the second statement holds. Let us show that S(n)C: If s 2
S(n) S; then there exist c1; : : : ; ct 2 C (some of them could appear more than once)
such that s =
Pt
i=1 ci: Applying several times the hypothesis we get that s = kn + c;
with c 2 C and k 2 N: But s 2 S(n) and therefore k = 0 and s= c 2 C:
Let c 2 C and assume that c 62 S(n): Then c−n 2 S; and therefore there exist k 2 N
and c1; : : : ; ct 2 C such that c− n= kn+
Pt
i=1 ci: Applying, once more, the hypothesis
as many times as needed to the right hand side of this equality, we get c−n= k 0n+ c0
for some k 0 2 N and c0 2 C: But this leads to 0 6= c − c0 2 G(fng) = H; which is a
contradiction.
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Note that in this result C is usually innite (if r > 1) but the assumption that S is
ane implies that only a nite set of elements in C together with n yields a system
of generators for S:
Let n be an strongly positive element in Nr ; then G = Nr=; with  being the
least congruence containing (n; 0); is a group. There is a one-to-one correspondence
between G and the set A= fa 2 Nr j a ng: Furthermore, every element [g] 2 G has
a representative in A: Thus, every subgroup H of G can be viewed as a subset of A;
in the same way as a subgroup of Zk can be viewed as a subset of [0; k − 1]:
Let H be a subgroup of G: Dene S = hfng [H i= hfng [minimals(H nf0g)i (this
equality is clear since if h  h0 then h− h0 2 H \A). Let us show that G(S)\Nr = S:
In order to check this, we are going to use Theorem 4. Thus, rst of all, we need to
show that n fullls condition (). But this is clear, because if hi 2 minimals(H nf0g)
then there exists h 2 H such that [hi] + [h] = [0] (remember that H is a group) and
this leads to hi + h= kn and kn− hi 2 S: Now, let us prove that S(n) = H: It is clear
that H is a complete system modulo G(fng) and that for every h1; h2 2 H; there exists
h3 2 H and k 2 N such that h1 +h2 =kn+h3 ([h1]+[h2]=[kn+h3] in G; taking h3 as
the representative of [h1 + h2] in A). Using the previous lemma we get that H =S(n):
Now, note that, since we have taken H A; for every w 2 S(n) = H; we have that
w − n 62 Nr : Using Theorem 4 we get G(S) \Nr = S:
Conversely, if S Nr is an ane semigroup verifying that G(S) \ Nr = S and n
is an element in S verifying the condition (), then it is straightforward to show that
S(n) is a subgroup of G; and clearly S = hn;S(n)i:
Thus, to study full semigroups is equivalent to study subgroups of G:
We nish this section with the denition of product with carry. Take H a subgroup
of G =Nr=h(n; 0)i: We dene the operation ‘+’ in N H as
(a; h) + (a0; h0) = (a+ a0 + c(h; h0); h+ h0);
where c(h; h0) = maxfk 2 N j h + h0 − kn 2 Nrg: This addition endows N  H with
a semigroup structure. We denote the resulting semigroup by [N; H ]: If we dene the
map
’ : [N;H ]! hn; H iNr
(k; h)! kn+ h;
then we get an isomorphism of semigroups. This leads us to the following result:
Theorem 7. An ane semigroup is full if and only if it is isomorphic to a semigroup
of the form [N; H ] for some subgroup H of G = Nr=h(n; 0)i; where n is a strongly
positive element of Nr :
As a consequence of this theorem and of Proposition 1 in [1], we get a structure
theorem for normal ane semigroups.
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2. Semigroups of non-negative solutions of linear systems of congruences
In this section, we focus our attention on full semigroups of the form S =M \Nr
with rank(M)= r  2 (if r=1 then S=N). We are going to show that in this case, the
denition of product with carry can be specialized: the product is performed between
Nr and a nite group. We show, as in the previous section, that full ane semigroups
are the semigroups isomorphic to semigroups which are a product with carry.
Let S = hn1; : : : ; nr ; nr+1; : : : ; nr+miNr be a semigroup with det(n1; : : : ; nr) 6= 0 and
LQ+(S) = LQ+(fn1; : : : ; nrg) = f
Pr
i=1 qini j qi 2 Q; qi  0g: Under this assumptions, we
say that S is a simplicial ane semigroup of dimension r; codimension m and rank
r + m: Since LQ+(S) = LQ+(fn1; : : : ; nrg); for every i 2 f1; : : : ; mg; there exists cr+i =
minfk 2 Nnf0g j knr+i 2 hn1; : : : ; nrig: It is clear that
Tr
i=1 S(ni)f
Pm
i=1 ar+inr+i j ar+i 2
N; 0  ar+i < cr+ig: Thus, the set
Tr
i=1 S(ni) is nite. This set is important because of
the following property, which is straightforward to prove:
Lemma 8. Every element s 2 S can be written as s=Pri=1 aini+w; with ai 2 N and
w 2 Tri=1 S(ni):
Lemma 9. Every element g 2 G(S) can be written as g=Pri=1 zini + w; with zi 2 Z
and w 2 Tri=1 S(ni):
Proof. Using previous lemma, it is enough to show that for any w; w0 2 Tri=1 S(ni);
there exist w00 2 Tri=1 S(ni) and z1; : : : ; zn 2 Z such that w−w0=
Pr
i=1 zini+w
00: Since
w − w0 2 G(S); there exists x1; : : : ; xr+m 2 Z such that w − w0 =
Pr+m
i=1 xini: For xr+i
nd qr+i 2 Z and bi 2 N such that xr+i=qr+icr+i+bi: Note that cr+inr+i 2 hn1; : : : ; nri;
and therefore w−w0= x01n1 +   + x0rnr + br+1nr+1 +   + br+mnr+m; for some x0i 2 Z:
Besides, br+1nr+1 +   + br+mnr+m 2 S: Using previous lemma we are done.
Let us denote by ei the element in Nr having all the coordinates equal to zero but
the ith coordinate which is equal to one.
Theorem 10. Let S be an ane semigroup. Then; the semigroup S is equal to M\Nr ;
for some M subgroup of Zr of rank r; if and only if S is minimally generated by
fn1 = 1e1; : : : ; nr = rer; nr+1; : : : ; nr+mg and
Tr
i=1 S(ni) [0; 1 − 1]     [0; r − 1]
for some 1; : : : ; r 2 N:
Proof. Necessity. If rank(M) = r; then the dening equations of M must be of the
form
a11x1 +   + a1rxr  0(mod d1)
...
ak1x1 +   + akrxr  0(mod dk):
Thus, the minimal system of generators of S must contain, for every i 2 f1; : : : ; rg; an
element of the form iei (with i =minfk 2 Nnf0g j kei 2 Mg).
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Note that if s; s0 2 S and s− s0 2 Nr ; then s− s0 2 M; and therefore s− s0 2 S: This
implies that
Tr
i=1 S(ni) [0; 1 − 1]     [0; r − 1]:
Suciency. Clearly, S G(S) \ Nr : Let us show that G(S) \ Nr  S: Take x =
(x1; : : : ; xr) 2 G(S) \Nr : By Lemma 9, there exist z1; : : : ; zr 2 Z and w 2
Tr
i=1 S(ni)
such that x =
Pr
i=1 ziiei + w: Since w 2
Tr
i=1 S(ni) [0; 1 − 1]      [0; r − 1]
and x 2 Nr ; we get that zi  0 for all i: Note that, since n1; : : : ; nr 2 G(S); then
rank(G(S)) = r:
Let 1; : : : ; r 2 N n f0g and H a subgroup of Z1      Zr : Given (a; b) =
((a1; : : : ; ar); (b1; : : : ; br)) and (a0; b0) = ((a01; : : : ; a
0
r); (b
0
1; : : : ; b
0
r)); both in Nr  H we
dene
(a; b) + (a0; b0) = (a+ a0 + C(b; b0); b+ b0);
where C(b; b0)=(c1; : : : ; cr) 2 f0; 1gr ; such that ci=0 if bi+b0i < i and ci=1 otherwise.
It is easy to show that Nr  H; with this operation, is a semigroup, which we will
denote by [Nr ; H ]; the product with carry of Nr and H: (This denition of product
with carry is slightly dierent from the one given in the previous section. However,
we keep the same notation because the two concepts are very similar.)
We are going to show that every semigroup of the form M \Nr with rank(M) = r
is isomorphic to a semigroup of the form [Nr ; H ]; and conversely. In order to achieve
this result, we need the following lemma which can be found in [2] and which is the
analogous of Lemma 6.
Lemma 11. Let fn1; : : : ; nrgNr ; H=G(fn1; : : : ; nrg); and let fx0=0; x1; x2; : : : ; xd−1g
be a complete system modulo H. Assume that S = hn1; : : : ; nr ; x1; : : : ; xd−1iNr is a
simplicial ane semigroup as usual. Then; the following conditions are equivalent:
1.
Tr
i=1 S(ni) = f0 = x0; x1; : : : ; xd−1g:
2. For all i; j 2 f0; 1; : : : ; d−1g there exist k 2 f0; 1; : : : ; d−1g and (a1; : : : ; ar) 2 Nr
such that xi + xj =
Pr
i=1 aini + xk :
Theorem 12. Let H be a subgroup of Z1  Zr ; such that every non-zero element
in H has at least two non-zero coordinates. Then there exists a subgroup; M; of Zr
such that rank(M) = r and [Nr ; H ] is isomorphic to M \Nr :
Proof. We can consider H as a subset of Nr : Let S be the semigroup generated by
fn1 = 1e1; : : : ; nr = rerg [ H: Using Lemma 11, it is straightforward to prove that
H =
Tr
i=1 S(ni): Thus, every element s in S can be written as s=
Pr
i=1 aini + h; with
ai 2 N and h 2 H: If there exist b1; : : : ; br 2 N and h0 2 H such that s=
Pr
i=1 bini+h
0;
then h−h0 2 G(n1; : : : ; nr): But h; h0 2 [0; 1−1]   [0; r−1] and this implies that
h − h0 = 0: Thus, Pri=1 aini =
Pr
i=1 bini; and since n1; : : : ; nr are linearly independent,
we get that ai = bi for all i: Using this fact, we get that the map
f : [Nr ; H ]! S
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f((a1; : : : ; ar); h) =
rX
i=1
aini + h
is a semigroup isomorphism.
We have added the condition \every non-zero element in H has at least two non-zero
coordinates" in order to ensure that iei is a minimal element in S nf0g for every i:
Theorem 13. Let S Nr be a simplicial ane semigroup minimally generated by
fn1 = 1e1; : : : ; nr = rer; nr+1; : : : ; nr+mg; verifying that
Tr
i=1 S(ni) [0; 1 − 1]    
[0; r−1]: Then; there exists a subgroup; H; of Z1  Zr such that S is isomorphic
to [Nr ; H ]:
Proof. Take H =
Tr
i=1 S(ni): Let us show that H is a subgroup of Z1      Zr : If
w; w0 2 H then there exist z1; : : : ; zr 2 Z and w00 2 H such that w−w0=
Pr
i=1 zini+w
00:
If we perform this computations in Z1  Zr ; we get that w−w0=w00 2 H: Using
a similar reasoning as the one used in the previous theorem, every element in S can
be written in an unique way as s =
Pr
i=1 aini + h with ai 2 N and h 2 H: Thus, the
map
f : [Nr ; H ]! S
f((a1; : : : ; ar); h) =
rX
i=1
aini + h
is, once more, a semigroup isomorphism.
Brieng what we have shown until now, we get that to study semigroups of the
form M \ Nr ; with rank(M) = r is equivalent to study subgroups of Z1      Zr
verifying that every non-zero element has at least two non-zero coordinates.
Let us reduce even more our scope.
Proposition 14. Let H be a subgroup of Z1   Zr verifying that every non-zero
element has at least two non-zero coordinates; and 1; : : : ; r 2 N n f0g: Take H 0 =
f(1h1; : : : ; rhr) j (h1; : : : ; hr) 2 Hg: Then:
1. H 0 is a subgroup of Z11  Zrr verifying that every non-zero element has
at least two non-zero coordinates.
2. [Nr ; H ]=[Nr ; H 0]:
Corollary 15. Let H be a subgroup of Z1      Zr verifying that every non-zero
element has at least two non-zero coordinates. Then there exist  2 N and H 0 a
subgroup of Zr such that every non-zero element in H 0 has at least two non-zero
coordinates and [Nr ; H ]=[Nr ; H 0]:
This result allows us to restrict ourselves to subgroups H of Zr:
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3. Application to full subsemigroups of N 2
In this section, we study the case r=2; and we show that the group H can be taken
to be cyclic and, as we saw in the previous section, it is nite. This enables us to
classify all the full subsemigroups of N2:
Proposition 16. Let S be a full subsemigroup of N2: Then one of the following
conditions hold:
1. S = f(0; 0)g:
2. S=N:
3. S =M \N2 for some subgroup M of Z with rank(M) = 2:
Proof. Since S=G(S)\N2; with G(S)Z2; and rank(G(S)) 2 f0; 1; 2g; three cases are
possible. If rank(G(S))=0; then G(S)=0 and therefore S=0: Besides, if rank(G(S))=2;
we can take M = G(S): Now, assume that S 6= 0 and rank(G(S)) = 1; then G(S) =
G(f(a; b)g); with (a; b) 2 Z2: Hence, 0 6= S = G(S) \N2; which means that one can
choose (a; b) 2 N2 and therefore S = h(a; b)i=N:
This result tells us that if we want to study full subsemigroups of N2; then the
irrelevant case lies in the semigroups studied in the previous section. Therefore, we
are interested in the subgroups of Z2 verifying that each non-zero element in the
subgroup has its two coordinates dierent from zero.
Theorem 17. Let H be a subgroup of Z2 verifying that every non-zero element has
its two coordinates dierent from zero. Then H is cyclic.
Proof. Let H1 be the projection on the rst coordinate of H: Clearly, H1 is a subgroup
of Z and therefore it is cyclic. Take a 2 H1 such that H1 = hai: Since every non-zero
element in H has its two coordinates dierent from zero, there exists an unique b 2 Z
such that (a; b) 2 H: Now, take (x; y) 2 H: Then x 2 H1 =G(fag): Hence, x= ka 2 Z
for some k 2 N: If (x; y) 6= (ka; kb); then there would be an element in H n f(0; 0)g
with one coordinate equal to zero. Thus, (x; y) = k(a; b) and H is cyclic.
Using the previous results, we can focus our attention on cyclic subgroups of Z2
such that every non-zero element has both coordinates dierent from zero. This will
cover all the subsemigroups of N2 which are full such that its associated group has
rank two.
Proposition 18. Let (a; b) 2 Z2 and H the subgroup of Z2 generated by (a; b): Then
the following conditions are equivalent:
1. Every element in H nf(0; 0)g has both coordinates dierent from zero.
2. gcd(a; ) = gcd(b; ):
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Proof. Let d1 = gcd(a; ) and d2 = gcd(b; ): Since (=d1)a = (a=d1) = 0 modulo ;
and (=d1)(a; b) 2 H; then (=d1)b must be zero modulo : Thus, (=d1)b = q for
some q 2 N and therefore b=d1 = q; which implies that d1 divides b and : This leads
to d1jd2: In the same way we get d2jd1 and so the equality.
Now assume that d1 =d2 and that some element in H has the rst coordinate equal
to zero. That is to say, for some q 2 N there exists k 2 N such that qa = k: This
implies that k is a multiple of a and : Hence the least common multiple of a and
; lcm(a; ) divides k: Thus, there exists t 2 N such that k = tlcm(a; ): We get
qa= t(a=d1); and this leads to qb= t(b=d2) = 0 modulo :
Note that if H =G(f(a; b)g)Z2 with gcd(a; ) = gcd(b; ) = d; then the subgroup
H 0 =G(f(a=d; b=d)g)Z2=d is isomorphic to H: This allows us to focus on the cyclic
subgroups H of Z2 generated by (a; b) with gcd(a; )=1=gcd(b; ); but in this case it is
easy to show thatH can be also generated by an element of the form(1; c) with gcd(c; )
= 1: Now, our aim is to count the number of semigroups of this kind using this idea.
Example 19. The subgroups of Z22 verifying that every non-zero element has both
coordinates dierent from zero are f(0; 0)g and G(f(1; 1)g):
In Z23 : f(0; 0)g; G(f(1; 1)g) and G(f(1; 2)g):
In Z24 : f(0; 0)g; G(f(1; 1)g); G(f(1; 3)g) and G(f(2; 2)g):
In Z25 : f(0; 0)g; G(f(1; 1)g); G(f(1; 2)g); G(f(1; 3)g) and G(f(1; 4)g):
In Z26 : f(0; 0)g; G(f(1; 1)g); G(f(1; 5)g); G(f(3; 3)g); G(f(2; 2)g) and G(f(2; 4)g):
Next denition and theorem will allow us to count these subgroups in general.
Recall that Euler’s function ’ : N! N is dened as
’(n) = #fk 2 f1; : : : ; ng j gcd(k; n) = 1g:
By the results we have seen in this section, one can guess that there is a relationship
between ’ and the number of subgroups of Z2 verifying the desired condition.
Proposition 20. The number of subgroups of Z2 verifying that every non-zero element
in the subgroup has both coordinates dierent from zero is
X
dj
’(d) = :
Proof. This is due to the fact that there are exactly ’(=k) subgroups H =G(f(a; b)g)
of Z2 of this kind with gcd(a; ) = gcd(b; ) = k:
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